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Abstract

This study introduces a computational framework for the inverse design of
curved-crease origami, addressing challenges in shape fitting and functional
morphing of flexible, curved-crease ribbon structures. A novel vector-based
representation is formulated to describe crease geometries composed of both
pinched and unpinched curved segments, enabling efficient and accurate re-
construction of three-dimensional folded shapes. The proposed method in-
tegrates analytical geometry with bar-and-hinge simulation data, forming
a hybrid forward model that captures the coupled bending and twisting
behavior of curved folds. An inverse-design algorithm based on a genetic
optimization scheme is developed to solve non-convex, non-smooth design
problems involving (A) planar curve approximation, (B) maximization of
tip deflection, and (C) three-dimensional target fitting. The computational
framework automates the determination of optimal crease parameters and ac-

tuation schemes, achieving high precision with minimal manual intervention.
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Compared to prior approaches that rely on periodic origami tessellations, this
method demonstrates the versatility of a single curved crease for achieving
controlled shape change. The results highlight the framework’s potential for
broad computational mechanics applications, including morphing materials,

soft robotics, and adaptive structural systems.
Keywords: Curved-crease origami, shape fitting, inverse design, morphing

structures

1. Introduction

Shape fitting in origami involves determining a crease pattern that, when
folded, approximates a specified three-dimensional form. In origami engi-
neering, this process ranges from simple geometric mapping, such as aligning
a folded sheet to specific points, to complex surface reconstruction tasks.
Shape-fitting algorithms enable efficient transitions from a flat, easily fab-
ricated sheet to a functional folded structure with prescribed geometry and
mechanical performance.

Lang [1] pioneered this domain with the TreeMaker algorithm, which
produced patterns to fold intricate origami designs, such as a deer or dif-
ferent insects. Subsequent advancements from Tachi [2] led to crease pat-
terns that fit complex polyhedral forms. More recent innovations have ex-
plored topology-optimized origami [3, 4] and the challenge of fitting origami
to surfaces with non-zero Gaussian curvature using repeated Miura-Ori [5]
and Eggbox cells [6]. Furthermore, there has also been exploration in the
alignment of rigid-foldable origami with space curves and metamaterials, as

well as computational approaches for the inverse design and automated as-
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signment of folds [7, 8, 9]. Related advances in kirigami and ori-kirigami
metamaterials have introduced analytical and computational frameworks for
lattice-based and multistable systems, enabling tailored mechanical responses
through combined folding and cutting strategies [10, 11].

Despite progress with straight-crease patterns, research on curved creases
remains scarce. Few examples exist, such as using curved-crease origami for
conical and cylindrical structures [12, 13|, approximating 2D curves (such as
alphabetical letters) [14], tight wrapping of thin sheets using curved creases [15],
or for approximating surfaces like vases [16, 17|. Additionally, Liu and
James [18] have explored using the Lagrangian method to design curved-
crease tessellations starting from a flat state. However, these primarily target
artistic or mathematical endeavors, rather than engineering applications.

The potential of curved-crease origami remains vast. This field of origami
promises the ability to fit intricate shapes and, due to the curved surfaces
introduced by folding, could allow for more exact surface approximation.
Furthermore, recent work has shown that the curvature and torsion of a
curved-crease origami structure can be programmed using local actuations
(i.e., pinches), which shows promise for shape control with low actuation
complexity [19].

This work introduces a computational algorithm for the inverse design of
a singly curved-creased sheet (i.e., a curved-creased ribbon) using a vector-
based geometric representation combined with a genetic optimization frame-
work. The formulation captures both folded and pinched configurations of a
curved-crease ribbon and enables rapid numerical evaluation of candidate ge-

ometries. The resulting algorithm solves three representative inverse-design
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problems: (A) approximating a prescribed planar curve, (B) maximizing tip
deflection through targeted actuation, and (C) reaching a specified point
in three-dimensional space. The approach addresses the challenges of non-
convexity and non-smoothness inherent to these design spaces, demonstrating
robust convergence using stochastic optimization.

From a computational standpoint, the novelty of this study lies in (1)
a unified vector representation that enables efficient calculation of three-
dimensional deformations from discrete arc parameters, bridging geometric
and mechanics-based modeling; (2) integration of bar-and-hinge simulation
data to extend analytical solutions to pinched configurations, forming a hy-
brid analytical-numerical forward model; and (3) an inverse-design algorithm
based on genetic optimization, which automates the determination of crease
geometry and actuation schemes for prescribed shape objectives.

This paper introduces an innovative algorithmic framework for design-
ing curved-crease origami structures capable of precise shape morphing and
targeted deformation. By formulating a novel vector-based representation
of both pinched and unpinched crease segments, the method enables accu-
rate approximation of complex planar curves, maximized deflection through
strategic actuation, and precise targeting of points in three-dimensional space.
Unlike previous approaches reliant on repeating origami cells, this study
uniquely demonstrates the versatility and effectiveness of single, curved-
creased ribbons. These ribbons offer substantial advantages for engineering
applications requiring adaptable, lightweight, and robust structures. Poten-
tial applications of this methodology span soft robotics, deployable struc-

tures, and adaptable components in infrastructure, highlighting the broad
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impact of tailored motion through curved-crease origami in advanced engi-

neering design.

2. Formulating the Forward Process

Our work focuses on the inverse design of curved-crease origami strips, as
shown in Figure 1. To craft a precise crease pattern and actuation scheme
(CP/AS) for a desired shape, we first need a method to compute the shape
of the crease based on its pattern parameters and pinch status. Our forward
process seeks to develop a function that efficiently returns the Cartesian
coordinates of the crease for given CP/AS parameters. Speed in compu-
tation ensures our inverse-design algorithm remains agile during numerous
iterations, especially if we consider curved-crease strips consisting of multi-
ple segments. Here, we will define the origami geometry underpinning our

further analysis.

2.1. Geometry of a curved-crease strip

Considering the extensive CP/AS possibilities in curved-crease origami,
it’s practical to narrow down our model’s geometry. We adopt a simple yet
non-trivial origami geometry apt for diverse shape-fitting challenges. Our
selected curved-crease geometry comprises a singular crease made of n dis-
crete circular arc segments, as illustrated in Figure 1(a). The beginning of
the first crease segment has a specific orientation to emulate structural re-
straints. The choice of arc segments facilitates variation in the curvature of
the crease over its length, granting flexibility in shape adjustments. Every
circular arc segment possesses an initial curvature, kY, a length, /;, and a

pinch status, f; € {0, 1} with 0 for no pinch and 1 for pinched. The dihedral
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Figure 1: Representative geometry and deformations of curved-crease origami. (a) Dis-
crete circular arc segments form the origami strip. Each segment has an initial curvature,
kY, and length, [;. (b) Folding this strip increases the curvature, k; (for segments where
kY #0). (c) Pinches at the middle of segments result in bends and twists of the origami

that modify its final form.

angle after folding is ¢r = 7/2 [rad] or 90°. For f; = 1, the segment gets
pinched at its midpoint to ¢, = 7/14 [rad| or 12.9°, gradually unfolding to
¢r towards its ends. All segments have a sheet width, w = 5 [mm], on either
side of the crease.

The first crease originates at Py, a position vector in Cartesian space. For
our analyses, this start point is the origin, Py = 0. The initial orientation
aligns the crease tangent with the z-axis, transformed by the rotation matrix
Ry. When Ry = I, the tangent parallels the global x-axis, as is consistent
in our analyses, but not a strict requirement. The ending edges of preceding
segments and the starting edges of subsequent ones have matching tangents

and spatial locations. They are also oriented to ensure adjacent crease sheets
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form a continuous surface between segments.

2.2. Vector Representation of Curved-Crease Origami

The position at the end of a crease segment, P;, constructed from n
discrete circular arc segments is determined by summing vectors as shown in

Figure 2(c):

J
P,=Py+> T, j=12.. . .n (1)

i=1
Here, T; represents the global translation vector for the i'" segment’s crease.
This vector is influenced by the CP/AS parameters of the segment itself and
those parameters of preceding segments.

The global translation vector components are computed by first examin-
ing individual segment deformations, then adjusting the segment positions
within the global coordinate system, as depicted in Figure 2(b). For consis-
tent analysis, we employ a local coordinate system where segments, irrespec-
tive of their specifications, share a common starting orientation and location,
showcased in Figure 2(a). Each segment begins at the origin with a tangent
aligned with the local z-axis. The local translation vector, t;, quantifies the
translation from each segment’s start to end.

The global vector T; is determined by rotating its local counterpart:

T; = R; 1t (2)

where R;_; describes the rotation of the starting edge of the segment with

respect to the global frame, which is equivalent to the rotation at the end



(a) Local geometries (b) Global geometry (¢) Vector representation

(i)

Figure 2: Vector representation of segments in local and global spaces. (a) Individual
segments, whether pinched or not, are assessed in local coordinates, beginning at the
origin with the initial tangent on the z-axis. (b) The local vectors and end orientations
facilitate the global assembly of the strip. (c) The global deformation vectors, combined

with rotation matrices, determine the end location of each segment.
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of the preceding segment. See Appendix A for details on how the rotation
matrix is compiled based on the preceding segment geometries.

The local translation and rotation matrices for each segment depend on
its specific attributes. For segments without pinches, the geometry alone can
provide analytical solutions. The range of translations and rotations given
by this analytical process is shown in Figure 3. For pinched segments, we
employed a bar-and-hinge mechanical model [20] (using a sheet thickness,
t = 0.1 [mm], modulus of elasticity, £ = 4 |GPa|, length scale, L* = 0.5,
and sheet width on either side of the crease, w = 5 [mm]), compiling a
lookup table of deformed shapes for the optimization process. The range
of translations and rotations given by the bar-and-hinge model is shown in
Figure 4.

The bar-and-hinge formulation used here has been validated for curved-
crease systems through comparisons to structural-mechanics theory, finite-
element reference checks in high-fold regimes, and laser-scanned paper mod-
els, including guidance on twist tendencies and recommended mesh aspect
ratios [20]. That prior work also identified in-plane strains local to creases in
highly folded or pinched states, which the present formulation captures [19].
In all studies herein we adopt an aspect ratio, a = 5, which lies within the
validated range for folding and twist-sensitive predictions.

Further details on determining local rotation and translation matrices and
how these are used to compute the global shape are available in the supple-
mentary materials (see Appendix A). Moreover, we briefly compare the bar-
and-hinge models with facet isometric mappings to situate this mechanics-

based surrogate among common kinematic approaches.
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Figure 4: The translations and rotations at the end for folded-then-pinched segments. (a)
The magnitude and direction of translation from an unfolded to a folded-then-pinched
state. (b) The rotation angles that occur from an unfolded to a folded-then-pinched
state. (c¢) Three examples showing the folded-then-pinched state of segments with different
curvatures and lengths. The translations and rotations due to folding then pinching are

shown with corresponding symbols in (a) and (b).
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2.3. Comparison to facet-based isometric mappings

Facet-based isometric mappings idealize a folded sheet as piecewise-developable

facets linked by straight creases and assume no in-plane stretch. This approx-
imation is fast and effective for moderate folds and polyhedral geometries,
but it diverges in the high-fold, pinched regimes central to our inverse-design
problems. Near a pinch the sheet departs from isometry: Bending gives way
to in-plane stretching, local crease curvature decreases and flattens within the
pinched zone as the dihedral nears closure, and coupled bending-twisting
emerges from gradients in fold rate and generator direction. Finite width
also matters, because the spacing to edges sets a lever arm that increases
global bending and produces a smaller, nonlinear increase in twist. These
behaviors have been documented in our prior curved-crease studies [19] and
are captured by the present bar-and-hinge surrogate, which includes bend-
ing, folding, and in-plane stretching with geometric nonlinearity and has
been validated against structural-mechanics benchmarks and laser-scanned
specimens. For the optimization problems here, which require thousands
of forward evaluations in high-fold, twist-sensitive states, the mechanics-
based model provides the required fidelity while remaining computationally
tractable, whereas facet isometry omits the stretch-dominated transitions

and width effects that govern response in pinched configurations.

3. Implementing the Inverse Design

Having established the forward process, we can compute the geometry of
a creased strip consisting of multiple segments with various curvatures and

pinch statuses. The solution space is composed of at least three dimensions

12
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(crease curvature, ki, crease length, Iy, and pinch status, fi) and expands
based on the crease segment count, n. Using this design space, we can
envision numerous inverse-design problems for shape fitting or functional
shape morphing enabled by pinching actuation. In this section, we present

three sample inverse design problems for creased strips.

3.1. Problem A - Fitting an Unpinched Origami to Planar Curves

In this problem, we restrict ourselves to folded, but unpinched crease seg-
ments, which constrains the target deformed crease to the zy-plane. Such a
crease geometry can be determined analytically without invoking deforma-
tion data for the strip. The curved creases provide an unbounded domain
for initial crease curvatures and a lower bound of zero for crease lengths.
However, to prevent self-intersection, the post-folding sector angle, |k;|l; =
|k9|1;/ sin(¢/2), must not exceed 2 [rad].

This extensive solution domain facilitates solving complex shape-fitting
problems. We aim to identify a crease pattern that, when folded, approxi-
mates a planar curve, cg,,. We choose target curves, including a parabolic
segment, c?*, a logarithmic spiral, ¢, and a cosine wave, c¢, defined

parametrically as:

T
par 283/2
Ctar = S’ -, O [mm], 0 S S S 2116, (3)
30
lo T
Car = {—es coss+ 1, e’sins, O} [mm], 0<s<5.362, (4)
T
S
cos _ [ 90 ( )—20, o} L 0<s<286.7. (5
iz = {5, 20008 (e [mum] s (5)

Each curve has an arc length of 300 |mm|, starts at the origin (when

s = 0) and is depicted in Figure 7(b-d).

13



191

192

193

194

195

196

H _ CRH)/p H,
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Crease

Figure 5: Error quantification between a crease and a target curve. The normalized mean
distance between two equidistant sets of p points represents the error that the optimization

seeks, in Equation 6, to minimize.

Our goal is to minimize the error between the folded origami and target
curves. The error, expressed as the average distance between two sets of
equidistant sample points, H, is normalized by the target crease’s length
(L = 300 |mm]), illustrated in Figure 5. For each curve, we performed
optimization to obtain crease patterns that minimized this error. The shape
fitting was repeated for varying crease segment numbers to evaluate how
segment count impacts approximation accuracy. In essence, our optimization

problem for fitting unpinched origami to a planar curve is:

minimi M
ze 7
subject to :
(1) =0, (6)

kO,
@) Son)

fort=1,2,...,n.

< 2r [rad], ¢ = 7/2 [rad],

14
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3.2. Problem B - Mazximizing Tip Deflections After Pinching

Our objective in this problem is to identify a crease pattern and actuation
scheme (CP/AS) maximizing the deflection between the folded and pinched
states of an origami with n crease segments. The distance between the folded
state, Plded "and the pinched state, PPnched 'serves as our objective function.
The goal is to minimize the negative of the distance between these points.

Given that pinching is allowed, we use the bar-and-hinge surrogate data,
such as that presented in Figure 4(a-b), to determine the translation and
rotation of individual segments and the system as a whole. Our search space
is now limited to a range of crease lengths and curvatures that were initially
simulated (i.e., the colored space in Figure 4(a-b)). Interpolation allows
approximating values between individual simulations.

Potential self-intersections in the crease pattern can complicate fabrica-
tion and cause unmodeled displacements. To address this, we incorporated
two constraints: an upper bound of 7 [rad] on the sector angle of a crease
segment, and an algorithm detecting intersections between crease segments.
This intersection algorithm evaluates potential collisions by projecting global
translation vectors onto the xy-plane and checking for segment intersections.

The optimization problem is as follows:

15



minimize — }Pgi“‘?hed - Pfflded‘ ,subject to :
(1) —0.02<k<0.02[mm™'];

(2) 100 <I; <300 [mm];

3 Wl d = /2 [rad]; )
(3) m_ﬁ[m]a ¢r = m/2 [rad];

(4) intersection = false,

28 3.3. Problem C' - Reaching a Target Point in Three Dimensions

219 Here, we aim to determine a CP/AS that results in the origami tip reach-
20 ing a specific target in three-dimensional space, Py, € R3. As this problem
21 permits targeting points outside the zy-plane, we need to include pinching
22 and again use simulated data. The objective function for this problem is
23 the distance between the origami’s end after actuation and the target point.
24 We again employ the sector angle and intersection algorithm constraints to

25 manage potential self-intersections. The optimization problem is:

minimize |P, — Py, subject to :
(1) —0.02<kY<0.02 [mm™'];

(2) 100 < ; <300 [mm];

bl rad = 7/2 [rad]; ®
W_W[faL ¢r = /2 [rad];

(4) intersection = false,

for 1=1,2,...,n.

226 Given the complexity of the design space and the binary nature of the

16
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Figure 6: Inverse-design scheme to reach a target point in three dimensions (Problem C)
using a genetic algorithm. The user begins by inputting a target point for the crease
to reach at its end. Then, the algorithm loops through an increasing number of crease
segments, using the genetic algorithm (GA) to find a crease pattern and actuation scheme
(CP/AS) that gives a sufficient fitness (|P,, — Ptay| < 1 [mm]). This algorithm excels at
finding solutions in a non-linear, non-convex, and non-smooth fitness function, such as the

one given in this problem.

pinch status, we used a genetic algorithm (GA) to solve these optimization
problems. Figure 6 shows the GA process followed by our code. Additional
details on the GA and the convexity of the problems are given in supplemen-

tary materials (see Appendix B and Appendix C)

4. Results and Discussion

While the problems we aim to solve are complex, the genetic algorithm
(GA) is capable of finding a sufficient solution to all three. Because the GA
is not gradient-based, it is able to find optimal solutions in the non-convex
and non-smooth design space. The GA is useful for solving all three inverse-

design problems with minimal alteration, despite the drastic differences in the

17



237

238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

three problems. Furthermore, the GA provides solutions that even someone
with experience working with curved-crease origami would not be able to
predict on their own. The algorithm reliably converged to a sufficient solution
without needing to alter the GA’s parameters, and the results were identical
when the algorithm was run multiple times with the same initial conditions.

The greatest limitation of the GA is its large computational expense, rel-
ative to typical gradient-based optimization algorithms. Alternatives such
as combining a gradient-based search method with Monte Carlo randomized
initial conditions could also be feasible, but given the size and complexity of
the design space, may provide a less repeatable solution. The computational
costs associated with using the GA is justified by the stability and repeata-
bility we have found in using it. Moreover, the GA was run on a typical
desktop computer (13™ Gen Intel Core i7-13700K (3.40 GHz) CPU and 64
|GB] of RAM using parallel processing with 16 cores and 24 threads) and
converged to a solution within minutes, so the computational costs are still

practical.

4.1. Problem A - Fitting an Unpinched Origami to Planar Curves

par log

COS
For the target curves ci,., Ci,,, and c

oy, the GA minimized the error

between the target curve and the folded creased strip for different numbers
of segments, n = 1,2,...,6. Figure 7 presents the results. For all target
curves, single crease segments produced greater errors than multiple seg-
ments. This stems from the constant curvature of a single segment, which
poorly approximates target curve curvatures. The logarithmic spiral, with
its significant curvature slope, is especially challenging to approximate using

constant curvature segments.
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Figure 7: Shape fitting of unpinched creases to planar curves using the genetic algorithm.
(a) Convergence of the three target shapes with average error quantified by H/L (the error
is shown on a logarithmic scale). (b) Visual convergence for the cosine wave. (c) Visual

convergence for the logarithmic spiral. (d) Visual convergence for the parabolic curve.
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In contrast, the parabola, with its milder curvature slope, is more readily
approximated by constant curvature arcs. Adding more segments generally
reduces errors, but the improvement diminishes as segments increase. Most
discrepancies arise in areas with rapidly changing curvature. Overall, our

approach effectively approximated the shapes of planar curves.

4.2. Problem B - Maximizing the Tip Deflection After Pinching

Transitioning to three-dimensional shapes, the GA identified the crease
pattern and actuation scheme (CP/AS) maximizing tip deflection from folded
to pinched states for n = 1,2, 3, and 4 segments, as shown in Figure 8. The
maximal displacement for a single segment demands a balance of bending and
twisting from a pinch (see supplementary materials for more information).
A crease with excessive curvature and length limits z-direction deflection. A
multi-segment CP/AS results in greater displacement than single segments.
A recurrent result is that the first segment is moderately curved and long,
always pinched, whereas subsequent segments are near straight and long.
The bending and twisting of the initial segment causes a global rotation for
the remainder of the system, while the other segments amplify this rotation
into large global displacements. Figure 8(c) affirms that tip displacement
grows nearly linearly with additional segments.

Although our method does not model the nonlinear trajectory during
pinching, it establishes the maximum possible deflection, setting a benchmark

for functional origami structure applications.
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Figure 8: Maximizing tip displacement for curved strips with different segments. (a) A
single segment with moderate initial curvatures achieves the largest displacement. (b)
When more segments are included, only the first is pinched and has moderate curvature
which leads to large global displacements. (c¢) Maximum displacements increase propor-

tional to the number of segments.
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4.3. Problem C - Reaching a Target Point in Three Dimensions

Here, we explored how to design crease strips that when folded and actu-
ated can move their end position to a target point in three dimensional space.
Utilizing the inverse-design scheme, we evaluated 605 target points surround-
ing the crease’s starting position, Py = 0. For all these points, a crease pat-
tern and actuation scheme (CP/AS) meeting the constraints was determined.
P!, € {-100,—-80,...,80,100} [mml],
€ {-10,-5,0,5,10} [mm]. Each solution provided details such as

The target points were defined as: P?,
and P7,

the number of segments, initial curvatures, lengths, and pinch statuses. We
verified that each design ended within 1 [mm]| of its intended target. Fig-
ure 9(a) visually presents the solutions, with the cell center denoting the

target point and the color indicating the total crease length. The displayed

plots manifest symmetry about the P

o -axis, stemming from the alignment

of the initial crease tangent. Recognizing this symmetry proves beneficial for
minimizing future inputs to the design scheme.

The plane P?

. = 0 is the same plane as the crease’s initial position.

Solutions on this plane lack pinched segments. The shortest crease lengths

are typically found in the positive P

tar

-quadrants, highlighted by their darker
shades. The lighter shaded cells (signifying longer crease lengths) in the

positive P?

-quadrants lie in target areas that are closer to the origin. Since

the lower bound for crease lengths was set at 100 [mm], a single crease could

not reach these points. For this plane, the negative P -quadrants tend to

tar
present longer creases, a result of the applied constraints.
For planes differing from the xy-plane, pinching becomes a requisite to

deviate from the initial plane. The character and location of the pinches are
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Figure 9: Finding a crease pattern for target points in R3. (a) Cell centers denote target
positions with colors indicating the total length for an optimized crease. (b) Isometric

views and (c) top views of translation vectors and solution crease patterns for three

selected targets.
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diverse, as showcased in Figure 9(i-iii). Patterns within these planes suggest
that pinched single creases can only yield downward deflections resulting in
several short lengths for PZ, = —5 [mm]| and PZ, = —10 [mm]. On the other

tar tar

hand, sufficient twisting in multiple segments is needed for upward deviations

in the P?

ar-plane.

Crease lengths appear primarily arbitrary due to our non-emphasis on
it in our fitness function. Constraining the GA to a mere 100 generations
for time conservation might have precluded solutions with fewer segments.
To prioritize resource conservation, incorporating crease length into the op-
timization would be imperative.

A distinguishing trait of pinched curved-crease origami is the gradual
increase in twisting and bending with pinching intensity (see Appendix C
and [19]). Incorporating this versatility could further increase the solution
space, necessitating supplementary data for the GA. An advanced design
could trace the crease end during pinching using our methodology, supple-
mented with this additional data.

The current solutions predominantly target proximate points to the crease
origin. This poses challenges due to the self-intersection constraints. Aug-
menting the self-intersection algorithm might enable solutions for further P?

tar

points, potentially reducing the total crease length.

5. Conclusions

In this work, we present a computational framework for the inverse design
of curved-crease origami, combining geometric modeling, simulation data,

and optimization into a unified algorithmic workflow. The method intro-
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duces a vector-based representation of folded ribbons composed of discrete
circular arcs, accommodating both folded and pinched configurations. Un-
pinched segments are resolved analytically, while pinched segments are cap-
tured through bar-and-hinge mechanical simulations, allowing accurate pre-
diction of coupled bending and torsion effects. Building upon this forward
model, an inverse-design algorithm employing a genetic optimization strategy
efficiently solves non-convex design problems that are otherwise intractable
using gradient-based techniques.

Through three representative problems (planar curve approximation, max-
imization of actuation-induced deflection, and spatial point targeting) the
algorithm demonstrated strong convergence, computational stability, and de-
sign versatility. These results validate the framework’s capability to auto-
matically determine crease geometries and actuation schemes that achieve
prescribed shape objectives with high precision.

From a computational perspective, the significance of this work lies in
its generalizable numerical formulation for solving inverse-design problems
in geometrically nonlinear systems. The integration of simulation-informed
lookup tables with analytical relations represents a hybrid modeling strategy
applicable beyond origami mechanics. Future extensions may incorporate
continuous actuation modeling, multi-crease interactions, and dynamic re-
sponse prediction.

Ultimately, this framework advances the automation of structural de-
sign for highly deformable systems, offering a foundation for next-generation
simulation tools in morphing materials, deployable structures, and adaptive

architectures.
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Appendix A. Calculating the global rotation matrices for pinched

and unpinched creases

Appendix A.1. Determining the rotation matrices using Tait-Bryan angles

The global rotation matrix is calculated as a series of local rotations.
The local rotations, calculated in the local coordinate system, determine the
rotational transformation between the crease segment cross-section at the
start of the crease to the end. We represent the orientation at the end of the

crease segment in local coordinates with a set of basis vectors,

r={%, ¥ 2} (A1)

where r; is the local rotation matrix and X;, y;, and z; are the basis vectors
at the end of the crease (see Figure 2(a)). Once the local rotation matrices
are calculated for each of the structure’s segments, we can calculate the value

of the global rotation matrices with,
R; = R;_r;, (A.2)

Note that Ry is a given value that determines how the crease is oriented at the
start of the crease (at Pp). In this article, we choose to set the initial rotation
matrix as the identity matrix (Ry = I) in all cases, but any initial rotation
can be chosen. It is also useful to note that the order of multiplication has a
significant effect on the value of the global rotation matrix. Here, the prior
global rotation matrix, R;_ 1, is right-multiplied by the local rotation matrix,
r;, since the current global rotation matrix is an intrinsic rotation that occurs
about the global basis vectors at the end of each crease, Xi_l, Yi_l, and Z;_,

(see Figure 2(b)).
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By calculating values for the local translation vector and rotation matrix
for each of the n segments in a structure, one can determine the position
at the end of the crease. However, doing so requires saving twelve values
per crease segment (three translation components and nine rotation compo-
nents). We can reduce the number of values per crease segment required to
model the transformations, which will be useful when employing surrogate
data later on.

Reducing the required number of values describing the rotation can hap-
pen by representing the local rotation matrices with three rotation angles.
Here, we employ Tait-Bryan angles, u;, v;, and w;, that describe the angle
the geometry is rotated through about the local z-, y-, and z-axes, respec-
tively |21]. Tait-Bryan angles are similar to Euler angles, but the rotations
are extrinsic, meaning the rotations occur about the fixed coordinate space
axes, x, y, and z (see Figure A.10). One can calculate the local rotation

matrices from the Tait-Bryan rotation angles with,

cosw; —sinw; 0 cosv; 0 sinwv; 1 0 0
- ¥ . .
r;=r;r;r; = |[sinw; cosw; 0O 0 1 0 0 cosu; —sinu;
0 0 1 —sinv; 0 coswv;| [0 sinwu; cosu;
(A.3)

where r7, r/, and r? are the rotation matrices for extrinsic, active rotations
about the local z-, y-, and z-axes, respectively, for the i*" segment. Note
that order of rotations occurs first about the x-axis, then the y-axis, and
finally about the z-axis. However, the order of multiplication is reversed
(left-multiplied), since the rotation is extrinsic.

The next step in the forward analysis is to generate the six translation
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Figure A.10: The orientation at the end of a crease can be represented using three angles.
These Tait-Bryan angles describe the amount an object (here, a set of basis vectors) rotates
in three sequential steps. (a) In the first step, the object is rotated about the z-axis by
the angle, u;. (b) Next, the object is rotated about the y-axis by the angle, v;. (c)
Finally, the object is rotated about the xz-axis by the angle, w;. These angles can be used
to calculate the rotation matrix mapping the original z-, y-, and z-axes on to the x;-, ¥;-,

and z;-vectors.

and rotation values for a crease segment given the curvature, length, and
pinch status of each segment. Figure A.11 shows a single crease in both the
unpinched and pinched forms. Plotting the location at the end of the crease
during the pinching process shows that the path is highly nonlinear. We
chose to limit the pinch status to a binary, pinched or unpinched, to avoid
having to collect data modeling varying degrees of pinching. Since the pinch
status is binary, we must assess the deformed shape of pinched and unpinched

segments separately, starting with the simpler case of an unpinched segment.

Appendix A.2. Local Analysis of Unpinched Origami

When a creased annulus sector is folded to a uniform dihedral angle and
the crease is held planar, the crease retains its circular shape. However, the

magnitude of the curvature of the crease increases as the dihedral angle moves
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Figure A.11: The end of a crease follows a nonlinear path during pinching. Using a linear
approximation to predict the end of a crease for varying pinch angles, ¢,,, would be overly

erroneous. Thus, the pinch status is binary, rather than continuous.

away from 7 [rad| (unfolded). The curvature, with respect to the dihedral

angle, can be calculated with,

kO
ki = —sin(%/Q)’ (A.4)
where k; is the signed curvature of the crease after folding, k! is the signed
curvature of the crease before folding, and ¢ is the dihedral angle of the
crease (see Figure 1(a-b)).

In equilibrium, a uniformly folded, circular creased annulus sector will
exhibit small torsion at the ends of the crease. However, this torsion leads to
small deflections from the initial plane of the crease (a distance of about 0.6%
the length of the crease |22|). For simplicity, we assume that if the crease

is uniformly folded (i.e., unpinched), then the crease will remain planar.

Furthermore, we can restrain the origami in such a way that the crease
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always lies in the original plane (in this case, the local zy-plane). With
these assumptions, the crease geometry is simplified to a circular sector.
Subsequently, the translation components and rotation angles in the local
coordinate system can be calculated using the curvature and length of the
crease.

For instance, the local translation vector, t;, can be calculated with,

I . 1 T
{Wsm(lki]li), E[l—cos(\ki]li)], O} . ki #0

t; = T . <A5)
{zi, 0, o} ; ki=0
Additionally, the rotation angles can be found with,

Note that the rotation about the z-axis, w;, is identical to the signed sector
angle of the circular arc. With these rotation angle, one can calculate the
local rotation matrix, r;, using Equation A.3. Equations A.5 and A.6 have
been evaluated for a range of crease curvatures and lengths, as shown in
Figure 3(a,b), respectively.

Uniform folding allows the crease to reach various points in the original,
xy-plane (see Figure 7 for examples). However, one must include pinching

the origami to reach points off this plane.

Appendiz A.3. Local Analysis of Pinched Origami

When determining the deformed shape of pinched origami in equilibrium,
we cannot assume that the shape of the crease will be circular. The pinching

induces a local bending and global twisting in the crease segment, which is
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not easily described with common shapes, such as a circle. To determine
the transformation data required for our forward process, we need to use a
method that goes beyond simple geometric analysis. Here, we use the bar-
and-hinge model, a simplified, mechanics-based simulation tool, to calculate
the shape of the crease segment after folding and pinching [20].

Given the speed and reliability of the bar-and-hinge model, we can deter-
mine the deformed shape of over four thousand crease segments, of various
curvatures and lengths, within a couple hours. We can then extract the
translation vector and rotation matrix data from the deformed shape nodes
and use the values in our forward process.

First, we need to define the model parameters. We chose parameters that
mimic those of polyester sheets, with the modulus of elasticity, £ = 4000
[MPal, sheet thickness, ¢t = 0.1 [mm]|, length scale, L* = 0.5 [mm|, width
of sheets beside the crease, w = 5 |mm]|, and aspect ratio, « = 5. It is
important that the aspect ratio is kept constant between all crease segments
to ensure a uniform deformation response (since the element stiffness is sen-
sitive to the aspect ratio). To do so, each geometry is discretized with an
identical mesh size (the distance between each node on the crease is about
1 [mm]). Therefore, longer crease segments will have more elements than
shorter geometries.

Second, we need to determine the domain of the lengths that we will test
and the resolution of the dataset. We start by determining a lower bound for
the crease lengths. One constraint on this forward process is that the dihedral
angle at the ends of each crease segment must always be the same to ensure

that the segments will fit together smoothly. We chose to fold the crease
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segments to ¢p = /2 [rad] = 90°, since this is a realistic angle that can
be created with paper and polyester sheet prototypes with ease. Thus, the
dihedral angle at the ends of any pinched crease segment should be 7/2 [rad|.
We found that if the crease length is less than 100 [mm)|, the dihedral angle at
the ends of the segments might not be 7/2 [rad|. Therefore, the lower bound
for the crease length is 100 [mm]. We chose the upper bound for the crease
length to be 300 [mm] to give a sufficiently large domain, but without adding
an overwhelming amount of values to the dataset. We tested every crease
length at an increment of 4 [mm]| (i.e., {; € {100,104,108, ..., 296,300}
|mm]) so that the mesh at the ends of the crease would be identical and to
preserve the aspect ratio, « = 5. This gives fifty-one crease lengths to test.
Finally, we need to determine the domain of the initial crease curva-
tures, considering self-intersection of the crease segment upon pinching. For
certain crease curvatures and lengths, pinching might result in such large
bending deformations that the ends of the crease intersect. Since the for-
ward process does not account for collisions, such self-intersection is not
permissible. We observed that when the sector angle is small enough, 6 =
k|l = |k°|l/sin(¢/2) < 7 [rad], self-intersection upon pinching does not oc-
cur. With this in mind, we can set the lower bound to a value that will
fall within this constraint, considering that the lower bound for the crease
lengths is 100 [mm| and the resolution is 4 [mm|. As such, we chose a lower
bound of -0.02 [mm™!] for the initial crease curvature. Since the constraint
is symmetrical about the initial crease curvature, we chose an upper bound
of 0.02 [mm™!]. We tested every initial crease curvature at an increment of

5x107* [mm™1], a step size that gives a meaningful difference in the deformed
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shape. This gives eighty-one initial crease curvatures to test.

Overall, there are, at most, 4,131 unique crease segments to fold and pinch
in the bar-and-hinge model. However, many of these geometries violate the
self-intersection condition and were excluded from the analysis. For the ge-
ometries that fall within the constraints, the bar-and-hinge model determined
the deformed shape, which was saved for later processing. The next step was
to distill the deformed shape data to the six transformation values we needed,
so that we could generate a grid of data from which forward-process values
could be interpolated.

Since every crease tested in the bar-and-hinge model was positioned and
oriented identically (with the crease starting at the origin and aligned with
the local z-axis), the only values we need from the bar-and-hinge deformed
shape data are the positions of the three nodes at the end of the crease
and sheets. Figure A.12 shows an example geometry and the required three
nodes: the position at the end of the crease, p;, the position at the end of
the left sheet, p!, and the position at the end of the right sheet, pl.

The local translation vector for each model was found using,

T
ti:{tx7 ty, tz} = pi- (A7)

To determine the rotation angle values, we need to start by defining the
plane at the end of the crease segment that must align with the other ends
of the segments. We define this plane with a set of basis vectors using the
three bar-and-hinge node positions. The first basis vector, x; is the normal
vector to the end plane and is found with,

. T (p] —pi) x (P; — Pi)
X = {ji.”’ 27, IZ} = ; . A8
LA E S S o p) < (b = pyl (4-8)
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Figure A.12: The end of a pinched crease segment defined using three nodes. (a) First,
the structure is folded and pinched in the local coordinate system using the bar-and-hinge
method. (b) Next, the three nodes at the end of the structure are extracted to calculate

the basis vectors used to calculate the Tait-Bryan angles for this geometry.

The next basis vector defines how the bottom of the sheets are oriented.
We define the y; vector as the vector aligning with the line segment between

the bottom edges of the sheet using,

T L ar
N P — P;
vo= oot ur} = o (A9
o g Y P — pjl
Finally, the last basis vector, z;, must satisfy orthogonality. That is,
T

Note that the X; vector is equivalent to the tangent vector at the end of the
crease, and the z; vector is the unsigned binormal vector.

From these three basis vectors, one can define the rotation matrix that
rotates the starting plane of the crease segment to the ending plane (i.e., the

connection surface). That is,

5T AT LT
ry Y %
o o - AU Ay oY
r, = {X“ Yi; zz} = xZ yi zi . (A.ll)
52 ~Z YA
Ty Y %
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Again, saving all nine values in the rotation matrix would be cumbersome
and unnecessary. Therefore, we calculated the Tait-Bryan rotation angles

from the rotation matrix using,

v; = — arcsin(z7), (A.12)
)
atan2(—j¢, —57), i =1
u; = < atan2(g?, 27), e (A.13)

iz 5%
atan2 L , otherwise
L COSV; COSV;

and
(
77 ==+1
atan2 ( ) otherwise
cosv; Cosy;
Note the condition for When t7 = 1. This value represents a crease that is

pointing exactly up or down (parallel to the local z-axis). In this instance,
the rotation loses a degree of freedom and the value of the w; angle becomes
arbitrary, a phenomenon called Gimbal lock [21]. Tt is unlikely that a crease
segment will fold to such an extreme inclination, but consideration for Gimbal
lock is included for completeness.

After running the bar-and-hinge simulations and calculating the six trans-
formation values, we saved the data for the forward-process algorithm to
interpolate from later on. These data are plotted in Figure 4.

With Equations A.5 and A.6 and the bar-and-hinge data shown in Fig-
ure 4(a,b), we can determine the local translation vector and rotation matrix
for any crease segment with k; € [—0.02,0.02] [mm™?|, /; € [100,300] [mm],
and f; € {0,1}. We can use these values to find the location at the end of
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the crease segments using the relationships given in Section 2.2. Therefore,

the forward process is defined.

Appendix B. Problem Range and Non-Convexity

With such a broad solution space for all three inverse-design problems,
finding the optimal solution can be challenging. Consider the solution space
for Problem B - Mazimizing Tip Deflections After Pinching. Figure B.13(a-b)
shows the tip displacement values for a single-segment crease for all admis-
sible crease patterns. These plots were calculated by taking the difference
between the local translation values in Figures 4 (pinched crease segments)
and 3 (unpinched crease segments). The maximum displacements from a sin-
gle pinched crease lie along a contour, rather than in an obvious minimum.
When multiple creases are added, and the pinch status can be varied, the
objective function becomes even more complex.

Figure B.14 shows the variety of points in space that a single crease
pattern can reach by varying the location of pinches. The versatility of this
forward process gives a large solution space from which one will need to find
a crease pattern and actuation scheme (CP/AS) that reaches a given target
point.

Additionally, the objective function for point-fitting (Problem C) is, over-
all, non-convex. When simplifying the problem to just one crease segment
with a pinch, as shown in Figure B.15, notice that there are multiple minima
for many of the target points (here, we define the objective functions as the
distance between the end of the crease, Py and the target point). When the

target point lies in the zy-plane, and the segment is not pinched, the function
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Figure B.13: Tip deflection and rotation data due to pinching. After a single origami
crease is folded, pinching deforms the shape of the structure, leading to deflections at the
tip (a) in the z-direction, (b) in the y-direction, and (c) in the z-direction, along with
rotations of the tip (d) about the z-direction, (e) about the y-direction, and (f) about

the z-direction
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Figure B.14: All crease-end locations possible with various pinching combinations. A
single crease pattern can reach a wide range of points in space by varying the combination
of pinches on the structure, as shown for (a) two, (b) three, and (¢) four crease segments

(crease pattern and possible pinch locations shown).

surface might be convex, but this restriction on the target points is far less
interesting, since the problem is reduced to finding a circular arc that reaches
the target. Including more crease segments and the option of pinching each
segment or not makes the problem much more valuable to someone trying to
determine a crease pattern the reaches a target in a wide variety of points in
three-dimensional space, including the xy-plane.

The nature and size of the solution space poses a problem in our attempt
to find the CP/AS that reaches a given target point. Since the objective
function is non-convex, one cannot rely on traditional convex optimizers and
nonlinear solvers for all target points. As such, we will need to use a more

versatile optimizer to achieve our goal.
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Figure B.15: The objective functions for problems with pinched creases are not usually
convex. These plots show the distance between the end of a crease composed of one
pinched segment, P, and three different target points. The lines show the paths of a
discrete gradient descent of the objective function towards different minima. The paths in
solid lines converge towards the global minimum, while the dashed lines do not. Multiple

minima in the objective means the problem is not convex, complicating the optimization.

Appendix C. Finding Optimal Solutions with a Genetic Algorithm

The objective functions for these problem are all non-linear, often non-
convex, and non-smooth for Problems B and C (since the pinch status gives
an integer parameter). As such, we will need to use an optimization method
capable of searching such a space. The method we chose to use to solve
these problems is a guided, random-search method called a genetic algorithm
(GA). Unlike traditional, gradient-based optimization methods, GA does not
calculate partial derivatives of the objective function (or fitness function, a
term commonly used in GA). This allows one to find minima for problems
with integer or binary inputs. Furthermore, GA is well suited to find the

global minimum of a fitness function, and is robust against non-convex prob-

lems [23, 24].
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Given the complexity of the fitness functions we are interested in search-
ing, GA is a reasonable option that will find a CP/AS that minimizes each
problem. The major limitation of GA is that running the optimization typ-
ically takes longer than gradient-based methods. However, because the for-
ward process uses closed-form equations and surrogate data collected from
the bar-and-hinge method, the computational cost will be much less than if
the deformed shape of the origami had to be analyzed using a mechanics-
based method in real-time. Additionally, GA is considered a “black-box"
process, so the action of finding the global minimum is more complicated
than calculating a gradient. However, the CP/AS found using the GA can
be tested with the forward process to ensure the objective has been met and
meets the problem constraints. Moreover, GA has been used to solve com-
plex problems in the geometric design and mechanics of metamaterials and
thin-sheet structures with great success [25, 26, 27].

GA is analogous to biological evolution, where “survival of the fittest"
generates sufficient solutions to problems. Unlike evolution, the user deter-
mines how fitness is measured. The fitness functions used in each of our
problems are the objective functions described in Equations 6, 7, and 8.

For these problems, the GA works by generating a population of CP/AS
with random input values. Then, the population is evaluated for, and sorted
by, fitness using the fitness measure. The fittest portion of the population
will crossover traits (analogous to sexual reproduction and the exchange of
chromosomes between parents) and generate a new generation of CP/AS
children with traits from the fittest parents. In these problems, the traits

of the individuals are the initial crease curvature, crease length, and pinch
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status (for Problems B and C) of the CP/AS, encoded into binary strings that
exchange bits during crossover. Some children CP/AS will undergo random
mutations in their input parameters, allowing the algorithm to explore other
parts of the fitness function if the population is converging towards a local
minimum that is not the global minimum. The process of generating a new
population and evaluating the fitness of each individual continues until either
a CP/AS gives a sufficient solution, the change in fitness is negligible, or if
the number of generations (loops) exceeds a set value. For Problem A, the
algorithm stops when the average error is less than 1 [mm]|. For Problem B,
there is no sufficient solution limit, and the algorithm stops when the change
in fitness is negligible. For Problem C, the algorithm stops when the distance
between the target point and crease end are within 1 [mm].

For Problems A and B, we looked for the optimal solution for various
crease segment numbers, looking to see how the number of creases impacts
the shape-fitting. For Problem C, we looked for a CP/AS that reached the
target point, regardless of the number of creases. Although there is no explicit
consideration for the length of the crease in the fitness functions, implicitly
we limited the crease length by setting the number of crease segments, n, to
one, attempting to find a solution with the GA, and adding segments until a
solution was found. Figure 6 shows a flowchart explaining the algorithm for
Problem C.

We used the ga() function in MATLAB to implement the optimization
algorithm and find minimal solutions to the three inverse-design problems.
The options we used in the analysis follow the recommended, default param-

eters for each type of problem (e.g., problems with linear constraints, integer
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Table C.1: MATLAB GA function parameters used. For parameters not indicated, we
used the default values found in [28].

Parameter Problem A | Problem B | Problem C
FunctionTolerance 1x 1074 1x1074 1x 1076
ConstraintTolerance | 1 x 1076 1x 1076 1x1073
MaxGenerations 1000 1000 500
FitnessLimit —00 —00 1

variables, etc.) for the MATLAB function [28]. In cases where an optimal
solution that satisfied the minimum fitness was not found, parameters such
as the function tolerance and maximum number of generations were altered
until an appropriate solution was found. See Table C.1 for specific parame-
ters used in each problem. Note that the ga() function automatically checks
for solution convergence. Additionally, we visually confirmed convergence for

a random sample of tests among the thousands performed.
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